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ABSTRACT
In recent year’s many special functions given by mathematicians, here a new function termed as Advanced M-series
function has been introduced. This Function is a particular case of H-function [1]. This function is important because
hypergeometric function and Mittag-Leffler function follow as particular cases and these functions have great
significance in the context of problems in physics, biology, engineering and applied sciences. It is to be noted that
Mittag-Leffler [4,5] function occurs as solution of fractional integral equations in those subjects. In this paper we have
also obtained the fractional integration and fractional differentiation of Advanced M-series function.
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INTRODUCTION
THE ADVANCED M-SERIES
The Advanced M-series with p + 2 upper parameters a, a, ...a,,y,uand q + 1 lower parameters by b, ... bg, § is

a,p — ap
p|\/|q(al...a}[,,)/,,u;,bl...bq,;z) p|\/|q(z)

a.fp B = (a - - '(ap)k MW zk
Me@ =2 G ) O Tk Y

Here,a, feC, R(a) > 0,m >0 and (a;)r (b)k » V) (W, (8)are pochammer symbols. (n,) > 0The

series (1.1) is defined when none of the denominator parameters b;s, j = 1,2, ... q is a negative integer or zero. If any
parameter a; is negative then the series (1.1))terminates into a polynomial in z. By using ratio test, it is evident that
the series (1.1) is convergent for all z, when g > p, it is convergent for [z| < 1 whenp = q + 1, divergent when p >

q + 1. In some cases the series is convergent for z = 1,z = —1. Let us consider take,

whenp = q + 1, the series is absolutely convergent for |z| = 1 if R(B) < 0, convergent for z = —1,if 0 < R(B) <
1 and divergent for |z| = 1, if 1< R(B).
Some Special Cases

A) Ifweput (6); = (Wi, nx =1 inequation (1.2)it convertes in k

Function[7]
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B) If we put(6), = (u)x, nx = 1,y = 1 in equation (1.2)it convertes in, Generalized M-Series [9]

ap 2 (a)e - -
oMa(2) = —(a L (ap)k

1.3
& (by)i - - (b)), (13)

C) If we put (6)x = (W, nx = 1,y = 1, B = 1 in equation (1.2)it convertes in, M-Series [8]

a > (al)k .. .(ap)k Zk
pMa(2) = £ (b - . - (by), Tlak+1) a4

a.p
D) ;Mo i.e. no p upperor q lower parameters and (8), = (1)x, N = 1

@b v D@
qu (...,...,Z = k_om (15)
Thus the series reduced to the Mittag-Leffler function as in [4,5]

MATHEMATICAL PREREQSITIES

The Riemann-Liouville fractional integral of order V € C is defined by Miller and Ross[3] (1993, p.45)

oDV f(t) = %j(t —u)"* f (u)du,

(2.1)
where Re(v)>0. Following Samko et al. [6](1993, p. 37) we define the fractional derivative for & > 0 in
the form

wepy 1 d" ¢ f(u)du B
DI O == j g (=[Re@]+),

(2.2)
Where [Re()] means the integral part of Re(a).

FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE OF THE ADVANCED M-
SERIES

Let us consider the fractional Riemann-Liouville (R-L) integral operator (for lower limit a = 0 with respect
to variable z) of the Advanced M-Series (1.1).

a.p

1| L ab
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R — L fractional integral of Advanced M-Series where indices p + 2,q + 1 are increased to (p + 3)(q + 2).

Analogously, R — L fractional derivative operator of the Advanced M-Series with respect to z.

1
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We use the modified Beta-function in above equation, which is defined as:

b

f (b —OF1 (t—a)*1dt = (b— )1 B(a, B),

for R(a) > 0,R(B) >0

Again,

n

. 1 o (@) - '(ap)k (W) 1 d
D} ;Mg (2) = P(n—v) & (by)y - - .(bq)k(5)k(nk)! (k)!T(ak + B) (E)

'tk + 1DI'(n—v)
I'k+14+n-—v) (3:3)

Zk+n—v

Wherek+1>0n—v>0

Differentiation n times the term z**"=? and using again I'(a + k) = (a),I'(a), representation(3.3) reduces to

[ee]

_ (@i - -(a) W Th+n-v+1) ,  Tlk+1)
= £t (by)ye - - .(bq)k(é')k(nk)! (k) T(ak + B)T(k — v + 57 Tr T 1 n=D)

_Ui (@i - - (@), M T+ 1)
=Z Z
& (b - - - (bg), (&) ()IT(k —v + 1)~ T(ak +p)
1 v @k (a), M (1), .

TTA-D LBk - (b)) () Tk + A= vy

a.f

a,p
Dy ;Mg (2) = 5 z7% ,Mq(a; a1, ;b1 .. b 6,1 = v; 2 ) (3.4)

1
(1-v)

(k +1) > 0,gives a R — L fractional derivative of Advanced M-series , where indices p, q are increased to
(p+1),(q+1).
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